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HEAT TRSATuiSNT 

Quenching of Hollow Cylinders 

m. 
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To oevelop a »ethod of.deU-rminlns ^condltlcns^^ 
under which hollow steel cyliuaers WJ 

SUIIIARY OF RESULTS 

1.       The cplculationa of Grossinann of  sizes of 

round bars^nd of flat nlrtoo hrvinc the same minimum 

hardness -hen qucmcaeo. in different ^ecla have been 

modified by th^ introduction  of ?  nev b^ls for com- 

■o^rlson. 

2.  The metaod of ^rosemann for calculptins the 

alloyinr, elements necese?ry to harden a round bar 

throughout is extended to hollow cylinders by calcu- 

lating for all quenching media the diameter of the 

round having the same cooling rete at the center as 

the ni?nlmum coollng rate in the wall of P. hollow 

cylinder. 

3.       The anount of alloying elements necessary 

to harden the  equivalent round throughout may be 

determined empirically by cuenchlns round bars of 

different compositions and of varying sizes  in the 

ore-elected medium or they may estimated by the 
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method of G-rossrafinn. 

4. Experimentally determined sizes of solid 

cylinders liavlng the same minimum hardness as hollow 

cylinders quenched only on the outside agree with the 

theory within 6 percent, 

5. For the particular conditions of t,he experi- 

ments in which weter was forced up the inside of small 

cylinders, the experimentally determined sizes of solid 

cylinders having the same minimum hardness as the 

hollow cylinders were 15 percent smaller than predicted 

by the theory in vrhlch the severj ty of quench on the 

Inside and outside were rssumeci to be the sarr.e. 

6. It may be inferred that the inside of the 

hollow cylinders of these experiments were quenched 

more effectively than the outside. 

J. H. Kollomon 
Ist Lt., Ordnance Deot. 
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INTRODUCTION 

The method, of Groasmann for calculating; the effect 

of alloying, elementn on the liar de nab ill ty of roundg 

has been described in detail in the literature.    0 

After calculating the multiplicative effects of the 

alloying elements, n series of curves can be determined 
o 

for the effect of carbon content, and grain size    on 

the diameter rhich would Just harden throughout in an 

ideal quenching medium.     In an Ideal quenching medium 

the  surface of  the round is maintained at the temper- 

ature of the medium.     This in nporoximatcd in practice 

by agitated or sprayed brine.     In p.n actual quench, 

the diameter of  the round which will.  Just harden through- 

out is the  smallest one having no  "ir.ihnrdened core" 

visible  in either ihe frncturo or the etch test.     The 

center of  such a hardened round  is n^proximately 

50 percent martensitic.    After estlmatin: the ideal 

diameter for some composition,   the  actual  size of round 

wnlch would just harden throughout may be determined 

from a series of curves for different quenching media 

which relate the actual size of round to this ideal 

diameter. 

A series of curves prepared in a  simllcr manner 

,v. 

i 
! I 

1       ^ 

1.-References   co be found at end of report. 
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Is m-ecented herein In which the lce;.l round diameter 

equivalent  to  a  !iollo',r cylinoer Is  plotted BB R function 

of the  severity of quench anc" v.vll ratio.    From this 

equivalent Ideal rounci dlp.meter the alloying elements 

iiccosfirry  to  harden  the  hollow cylinder  throughout may 

do er-lculi-ted.     The mct-.od outlined by Grossmann Is 

edrriltledly only an approximate method of determining 

the conpositlon hpvlns the desired hardenabillty,  but 

it is  t'ie  best method sveilable  for prediction.    Knowing 

the  sir.c  of round which will harden  throughout  (either 

by experiment  or by estimation from G-rossmann's data), 

t-he  size of  the  equivalent hollow cylinder may be 

celculated reedily.     Or.  the  other head  If Mie   pise  of 

the holloa  cylindtir is known  the round   size which must 

be hardened throughout in ehe  given medium may also be 

calculated, 

DI3CÜ5SI0II AhD  RESULTS 

A. Theoretical 

In order  to calculate  the  diameter of  the  solid 

steel  cylinder which when quenched in a  given medium 

will  nave  the   same hardness at Its  center RS  the 

minimum hardness in  the wall of a hollow cylinder 

quenched in  the   same  nedlum,   it is  first necessary 

to deterrnjne   the  conditions of  time  and  tcraoerature 

during cooling for which the hardness at the   two 

positions of  the   mo  steel  shapes will   oe   the   same. 

-2- 

gw A'j mmmmmmw^ 

 ..-.^..üy^-.^.'!^",.»:^-^.:....:  ^ **..^.:.^'*.i*t£..   ^ *-..;., . <...*.:■. ' ______ 



warn 

-w« 
iiiiiiimwiiiim 

W~T 

• 

': 

f 
i 

CJrossmann, In comparing the hrrdness distribution from 

tiie center to outoide of solid cylinders found that 

the time required to reach half the difference between 

the quenching and final temperature during cooling 

öetermined the hardness; that is, if tue outside of 

one solid cylinder of a given steel comriosltlon re- 

quired the sane time to cool half wpy from the quenching 

temperature to room temperature na the inside of some 

other cylinder of the same convno,ilti on, the hardnesses 

at the Bpcclfled positions would be very nearly the 

n^.me. It was noted that the shapes of the cooling 

curvej at different positions 3a solid rounds are quite 

dissimilar.  If the cooling rote at the center of one 

bar is the same as that of the outside of another, 

the "half teuperature tines" will be widely different, 

Since the time spent below the critlcrl temperature 

before transformation is of importance in determining 

the precise produota of transformation, in compsrlsons 

where the initial parts of the cooling; curves are of 

different shapes the time to reach half tenvoerature is 

probably a better criterion than that of cooling rate, 

Gkrossmann and his collaborators presented some ex- 

perimental evidence that cooling time is the more appli- 

cable criterion of hardenabillty when nositions other 

than the centers of round sections are compared and 

assumed that this condition is also the more applicable 

— ————.^.ä«. 
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In comparing the cooling et the  centers of different 

round bars. 

In certain important cases, the rate of cooling 

in the appropriate temperature r-n^e may be specified 

by a single parameter, c, in the manner indicated 

below: 

d2 - -cl, 
dt 

(1) 

where T is  the  temperature of tue  element referred to 

that of the quencning medium.     Throughout the  temper- 

ature rarifje in v?hich Eq.   (1)  Is oeeyed a ^lot of T 

va,   t on semi-log p^p-'r will yield P  straight line. 

Such a -nlot is preoenied r;3 Flz.  1  for the centers of 

solid cylinders fron the CHIP, of PiUBsell.       As  the 

quenchln,t  •■•roeeoc'S  the  curves approach straight linos. 

The less aevere  the queach or rather the  smaller the 

proouct of H  (sever:, t-y of que-'ich)   times D   (diameter of 

the round)   the more rapidly is the asymptote  approached. 

For erch different product,  HD,  in this graph the 

diameter (D)  of  tlie bar hss been chosen which reiiders 

tee various asymrtotes parallel.     The centers of the 

bars represented in Fig.   1 quenched in different media 

have  the  same  "c"  while  their half temperature  times 

are auitc different,  havinc" the ratio 2.4:3.0:4.0 for 

HD equal to 0,1,  andoc reaooctlvely.     Slnoc most of the 

differences in half tp-mporature times occurs before the 
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critical tenroerature is rer.ched, It is not significant. 

For thlf exem'ole the quenching temperature was assumed 

to bo 1700° F, the critical tempernture, 1600 F, and 

the te.apcrature of the ■'iooe of the "S" curve 1050° F, 

The half temperature time starting from the critical 

rather than the initial temperature are in the ratio 

of 2.1:2.1:3,4 vhich is not fpr from the ratio 1:1:1. 

Since the difference between the initial and critical 

temperatures is variable and very difficult to fix in 

actual quenching practice it may be concluded that 

when center hardnesses ere to be compared the slopes 

of the linear portion of the curves of Fl?,. 1 are a 

better measure of the hardenabillt;/ than the half 

temperature times,  Usin^ this new critrion the ratio 

of the round diameter quencned in a medium of quench 

severity H D-^ to the rounc diameter quenched in an 

ideal modlum (CSOo ) is plotted as n function of H DSH 

as curve a in Fig. S.  This curve is to be compared 

with Fig, 3 taken from Q-roesmann'a calculations for 

which the criterion of equal half temperature times 

was used. 

The use of curve a in Fig, 2  may be illustrated 

by an example.  Let us assume that the severity of 

quench, H, has been measured or estime ted and is equal 

to S, Assuming that it has also been determined ex- 

perimentally by an etch test or hardness survey that 
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a 0,5" rourid bnr of a r/iven steel will harden througii- 

ort wlien quenohed i.i  tliis medium,  we wloli to know what 

size round bpr would hrrden in a medium of H~l,   and 

H-CQ   (ideal medium).     It is  first necessary  to multi- 

ply H by De,.,   which ^ 5.     From Fir..   2a is read the 
oh} 

value of the ratio DaTr/D_    (.81).     We obtain D0 A by 
oil        o OCJ 

dividing Dc„ (r.ö") by this ratio. The ideal diameter 
Oil 

is therefore eoual to 0,1", A 3,1" diameter bar of 

the given st^el would harden throughout in a medium 

of infinite severity of quench.  rio obtain the diameter 

which would harden t-hroujh in a nedium of severity 

H ^= 1, the value of Dsi-r/CSoc> iG :i^rßt read from Fig, 3a, 

For a value of HDS„ n '3,5 this ratio is equal to ,71. 

The ratio of Da-_-,/DOT-_ _ is found, by dividing ,71 by 
Ö-. — a.  jj£i —. .J 

,61. This fraction when multlnlled by 2,0" (Darr__) is 
On — ii 

equal to the diameter of the bar which would just harden 

through in a medium of Hr:l. 

The relation between the thickness of a plate 

quenched in a medium, H, and the ideal plate thickness 

is presented as curve b in Fir. 2.  This curve is also 

based o): the equivalence of the "c" rather than on the 

equivalence of half temperature times.  The ideal round 

size equivalent to the ideal elate thickness may be 

determined from the follovrlng relation.  (Anpendix) 

;Soo = l.?5L oo 

whore L-^ is the ideal "■•late thickneo Joo 
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The  calculp-tion of  the Ideal rotmö. diameter equiva- 

lent to a hollow CAlinder is more corapllcnted,   for the 

outsi.ee and inside   dlanetcrr caa be varied Independently. 

The equivalent round diacieter 1^ ('eterrnined for a f.iven 

v: 11 ratio ai'd  for a   severity  of quench measured by the 

product of K timef1   the diffc-renco between  tiio  inside 

anti outside ciiametcnni. 

The results of  ealculatlonu  (Aooendlx)  base! on 

this nev criterion are presented ay FlK.   4 in which the 

ratio of  equivalent round dianun':-r  (Dq;j.)   to  outside 

diameter (DA)   is plotted ao r-  function of D /D    for 0 1    o 
different values of  H  times  (D -D, )   where  D    is  the ol'       1 
inside diameter.  D  is the dia.meter of the round which 

has the spme cooling rate at its center as the minimum 

coolinr; rate in the vrall of the hollo1'-' cylinder when 

quenched in a medium of severity H.  The use of cm^ve a 

of Fig, S and Fig. 4 can be best understood through an 

examole; let us assume that the equivalent ideal diameter 

of a round is to be determined for the following situation: 

Severity of quench (H) = l 
Outside diameter (D0)r4" 
Inside dlam e t e r (D^)r 9" 

D,  /D ~ 0.5 
= 2" 
~ 2 

L  -f 

The value of D_--/D corresponding to a wall ratio of on  o 
0.5 and an H(D -D ) value of 2 is read from Fig. 4. 

^SK/^O 
in t"'le case iß 0,4,3 and when multiplied by 

-7- 
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D  (4").   an eoulvrlent round diameter of 1,78"  lo o        * 
obtained.    By emnloyirig tno grapxi of Fis.  ?'i end 

the product Dou(1.72)   and H(l),   D0./D_    (0.63)   Is 
on on     bOO 

found.     D„.r divided by  this ratio  fixes the ideal 
on 

round dir-noter equivalent  to  the  hollow cylinder   (S,7"). 

B._    Ernori :.iental 

In ordi.^r to detormlne liow clorely the theoroti- 

col results outlined in  the previous section approxlraate 

the actual relaticnshlns between  the  sizes of hollow 

cylinders and  rounds having the   arme ninimum hardness, 

exneriments described, in this  section have been  per- 

formed. 

The iderl crlticrl  dirmeter of n  steel of  the 

follov/ing connositio)i t-.'rs  calculrtco by the method of 

G-rossnann. 

CITa SI SFCrCuMoAl 

.40.    .79 .43        .070     .016   .14   .105   .16     .004 

The critical diameter in mildly aGitated vater was 

mersured by quenching from 1575    F (neutral atmosphere) 

rounde of various diameters from 1^"  to 2hn  all 

machined from a Ö^"  round brr.     In all cases  the  length 

oi' tdo   solid cylinder vrr-s 4 time«  the diameter.     The 

water in the quenching trnk was ngltated by a  stream 

of water enterijig from  the bottom through a -•"  diameter 

aperture at about 25 Gal.   ner minute.     The diameters 

of the unhardeacd  cores were determined after sectioning 

Mi 

■':<. 

i 

';•; 

■8- 

^^^^^^^^w 

J     i    ^ .......    ..^■.,.:.^  ^.;   ^^K^.A 
-_:j 

^H 



" "     'S*" ' -"" -uimii.ivujinu.ii ii.mwiiu.nivu^n,,,,^..- 

by etciilng with a hot  sulfur!o-hydrochlorlc acid 

mixture«    The critical diaueter of the steel and the 

K value of the medium were then determinedly the 

method of Grossmann ano were  found to be 1,5"  and 1,4 

respectively.    The Ideal diameter calculated from the 

composition was 9,9"  while the measured diameter was 

eaual to 0.1".     The ratio D,/D    of the hollow cylinder 
1    o 

with outside diameter of 81,"  and for both inside and 

outside quenched which would be  equivalent to  this 

solid round (1.5") was read from Fla.   4 and I^/D    is 

equal to  .3.     The wall ratio  (Di/D0)   for the  equivalent 

hollow cylinder for the case In which only,the  outside 

is quenched was found from Fig.   4 to be ,6,     Five 

hollo1" cylinders with wall ratios (I) ~ 2.5")  less than 

each of these  two critical values were machined from 

the of:"  round stock.     One  net of five hollow cylinders 

was quenched from 1575    F into  the water and supported 

directly over the aperture.     Thin plates were welded 

over the ends of the   second set of hollow cylinders 

and these were quenched as nearly like the  solid cylinders 

as possible. 

The Rockwell "C"  hnrdneas distribution for each 

of the hollow and solid cylinders was measured and the 

minimum hardnesses are plotted In Fig,  3,     A typical 

hardness survey for both inside and outside quenching 

is presented in Fig, -7.    The  size of the round which 
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woulci have the same minimum hardnecs P..B  each of the 

hollov cylinders was cetcrminod from Fig. 6.  The 

expt. rlmontn.l determinations and the oorreDnond.lng 

theoretical valuer, read from Fif,. 4 are tabulated 

in Tahle I.  The difference between theory and ex- 

periment for the hollow cylinders v/lth only the out- 

side quenched is lees than 6 percent.  For the case 

of both Ineido nnd outsine quenching the difference 

io about 15 percent, the theory predicting a larger 

equivalent, round oize. For theaf ürnall Glze cylinders, 

the inside quenching is More efficacious than the 

outside for the nariicular conditions of our exneri- 

ment. In these experiments, it appears that the 

severity of quench is larger on inside than the out- 

side and the equivalent solid cylinder is necessarily 

smaller than that predioted assuming that the inside 

and outside of the hollo'" cylinder tvere quenched 

identically. 
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Comparison of Tlieorotlcal t,nö. Experlraental Equiva- 
lent  Solid Cylladers  (For  S^me Minlimrn Kardness) 

Ho Hoy Cylinder Dianeter of Equivalent 
Only Out aide Quenched Soliö Cylinder 

Exp. 
(Inches) 

(Inoncr,) (IncSeo) 
Thoo. 

1.00 2.48 1,94 1,03 

1.15 2.48 1,70 1.81 

1,85 '3.46 1,57 1.60 

1.38 2.48 1,44 1.53 

1.50 0   AC; 1.38 1.38 

Both Ins ide & Outside Gucnched 

1,55 .38 :■."!. 48 1.75 

.50 2.48 1.44 1.6D 

.63 2.48 1.31 1,54 

.75 2.48 1.20 1.45 

.88 2.43 1.10 1.35 
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APPENDIX A 

CALCULATIONS 

1. G-eneral Theory 

The purpose of this section is to find the relation 

between the equivalent ideal critical diameter (U«^) of 

a solid cylinder and of a hollo1'/ cylinder of inside di- 

ameter D. and outside diameter D , when ouenched in some 
1 o' 

medium.  This relation will contain as pprameters the 

severity of the quench in the actual medium, H, and the 

wall ratio (a) of the inside diameter over the outside 

diameter.  Thus 

Ds - F(a,K,Do). 

The mathematical problem to be solved is the de- 

termination of the constant c (Eq.l) for hollow and for 

solid cylinders, for various severities of quench. 

The differential equation for heat flow is 

r)T/ ^ t~--kv2T. (S) 

'■ 

In this equation, k is the thermal diffusion coefficient, 

■^T is the LaPlacian operator, Since we are considering 

the special case in which Eq. (l) is satisfied, we shall 

set 

Tr:.To.|exp (-ot)l U(r).    (3) 

Here, ac in Sq. (1), T is the temperature of element 

referred to that of the quenching medium, U is an unknown 

- 

I 

■■- ^■''^»'^■umA&rtW&^tyg 
■c 

p ■ ■■■••'■■   ^ '—---■■■•--■ "-"■r^-^'     • • --■—-^-- -■ -^ ■■ ■ m 



^m ^^mm*m**m 

function of coordinates, and c Is a constant to be 

determined. 

Substitution of Eq, (o) into Eq. (2) gives Eq. (5) 

below as the differential equaltion for U(r); with 

ra — c/k. (4) 

Only those solutions of this differential equation are 

desired which satisfy the appropriate boundary condition. 

The boundary condition which has been found to be fairly 

accurate is given by Newton's lav/ of cooling.  This law 

states that the flow of heat across a boundary is pro- 

portional to the temperature drop across that boundary. 

Since the flow of heat is proportional to the temperature 

gradient, the appropriate boundary condition is that the 

temperature gradient at the boundary is proportional to 

the difference in temperature between the solid and the 

quenching medium. The constant of proportionality is 

taken as -h, the gradient being taken in the direction from 

the solid to the quenching medium.  The constant h is 

equal to twice the H used by G-rossraann. This boundary 

condition may be written as in Eq. (6). Eqs. (5) and (6) 

below form the comnlete mathematical formulation of the 

problem. 

Differential equation for U: 

^Ur-r-m2!!. (5) 

Boundary condition for U: 

gradientnU--hU at surface.  (6) 

*«       *■'••.     TV WMiin r- ■•--*- 
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2.  Plates and Solid Cylinders 

The solution of these oquations have Tjreviously 

been given for the cases of a plate and of a solid 

cylinder.  In the case of the plate, of thickness 2L, 

U~cos mx, 

where m is the lowest root of the couation ■ 

tan nL-h/n. (7) 

In the case  of a solid cylinder of radius r 
s 

i; • 

■ 

U.-Jjdnr), 

where ra is the lowest root of the equation 

J (mr )/J (rar ) -h/m.       (3) 
1  s  0  s 

Eqs. (7) and (8) have no solution for arbitrary 

values of m, but only for a discrete set of values. 

In the present case one is interested only in the lowest 

value of m.  The higher values are imriortant only when 

the transient effects are being studied. 

a. Limit h = o. 

In the case of a very poor quenching medium, h-^o 

and also m-^o.  The left members of Eqs, (7) and (8) may 

therefore be replaced by the first term in a Taylor ex- 

pansion.  We obtain 

raLr; h/ra, (7a) 

-I rarB-rrh/m. (8a) 

The ratio of the diameter of the solid cylinder to 
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the thickness of equivalent plate Is therefore given 

by the equation 

rB/L-2. (9) 

b. Limit h—- c>0. 

The  case  of an Ideal quench Is obtained by setting 

n— «*. 

for r8, 

Sqa,   (7)  and (8)  now become,   with r        written 
SCO 

mL «JO r„.   Tr/2, 

rar     —-S. 404, 
Soc 

(7b) 

(8b) 

In this care we obtain the ratio 

A. -1.53 (10) 

The observed value of the ratio r /L lies between 
s 

the above two extreme values of 1,53 and 2,0,  while the 

ratio asv calculated by Grossraann's method of half 

temperature  time Is l,o7. 

3y means of Eqs,   (8)  and (8b),   one can obtain the 

ratio r /r of the radius of a solid cylinder In an 

actual quench  to the radius of a solid cylinder In an 

ideal quench.    From Eq.   (8) h/m Is obtained as a 

function of mr .    Upon forming the quotient rara/S,404 s s 
we obtain, by Sq. (8b), r /r Upon forming the 

product mr x (h/m) we obtain hr , The resulting re- s n 

latlon between r /r   and hr is given as Fig, 2. In 
s    S"o s - 

this figure  the first quantity is written as V /'Dao0  , 

the latter quantity as HD    .     In an Identical  manner,   one 

r:J^...,t !.I,«i.   ...i..  . .... .   t. .  . ... .-..,-      ...   ■'..■.;,.;.;■:. ■j^^st.^)ai,ii&..:;./... ,.,.,..■.:,.J^:,.,., ...„^ {'himmmM 



can obtain from Sqa. (7) and (7b) the ratio Lu/L^ 

of the thickness of a plate In an actual quench to 

the equivalent thickness in an ideal quench. The 

result is given as Pig. 5a. 

c. Intermediate quenches. 

The ratio r /L for intermediate quenches has been s 

obtained as follows. For a series of values of h/m, 

the corresponding values of mL and rar were found from 
s 

Eqs.   (7)  and (8),   respectively.    By forming the ratio 

(mr /nL)-..r /L,   and the product ?(mL)   •   (h/ra) xrSLh, 
s s 

rs/L was obtained as a function of 2Lh,     The transition 

of r /L,  which will be denoted by x(h),   from 2 to 1.55 

as h goes  from o  to co,   la best presented by a graph 

giving (x-x^   )/(x0~xuo   )  as a  function of GLh.     This 

is given as Fig.   5. 

3.       Hollow Cylinderr  Insldf and Outside  Quenched 

In a hollow cylinder the general  solution of Sq.   (5) 

must be used,   namely 

U(r).-rC0 J0(rar) +C1N0(mr), (11) 

where Jh, and M are Beseel functions of the first and o o 

second typo,   respectively.11    The two constants must be 

so chosen as to  satisfy the boundary condition (6) at 

both the Inner and the outer surfaces. 

The boundary condition (6)  applied to both the 

inner and outer surfaces,  gives two  simultaneous linear 

homogeneous equations In the two unknowns C0 and C  . 

r 
i 

im*' ■mpiynirMMnma» iww »i       ■ .    „w 
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These equations are soluble only If the determinant 

of the coefficients is zero. This condition gives the 

following equation, which corresponds to Eq. (8) for a 

solid cylinder. 

m J^ (rar_) 4 h JÄ(mr_)   m J^amr^- h J (amr ) 
o — 

m N'(mr ) -fh N (mr ) 
0   0       0   0 

m N'Camr )- h II (amr ) 
0    0       0     0 

a. Limit h tru 0. 

One obtains the extreme case of a poor quench by 

letting h, and hence also m, approach zero.  In this case 

each Bessel function may be replaced by the first term 

in the Taylor expansion. Using the expansion given in 

reference (11), one reduces Eq, (12) to 

(12a) k mr (1-a). ^r. h/m. 

Upon dividing Eq.   (8a) by Eq.   (12a)  one obtains 

(13) 

as the ratio of the radius of the round to that of an 

equivalent hollow cylinder, 

b. Limit h •—: CTO. 

The extreme case of an ideal quench is obtained by 

letting h approach ooin Eq. (12).  In this case Eq. (12) 

reduces to 

Jo<mro) ..-Jo{arnro) 

V1^  No(amrJ (12b) 

i '-' 
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zero, one obtains the equation 

m J^rQ)^h  J0(mro) ^J^(a mr0) 

m N'Cmr )-|-h N0(rar )  N'(s. mr ) 

(14) 

a» Limit h •— o. 

Proceeding as in Section 5a, we retain only the 

first terms in the Taylor expansion of the functions in 

Eq. (14).  In this case Eq, (14) reduces to 

4 mrn (l-a
2)-h/m. (14a) 

Upon comparing this equation with Eq. (8a), we obtain 

rg/ro.;(l-a-). 

This relation is given in Fig, 4. 

b. Limit h — oo, 

In the case of an ideal quench, h — 

reduces to 

c-C , Eq. (14) 

<••*": ..,,.- 

< 

Jo^mro) _Jo(amro) 

N0(mro) ~No(amro) 
(14b) 

This equation has been solved graphically in the seme 

manner as was Eq.   (12b).    The result is given in Fig,  4. 

c.  Intermediate Quenching Rates 

When a—1,   the distribution of temperature in the 

hollow cylinder becomes identical to the temperature 

,;„,.a^W.»^^:^.,^eA.A-^ ■-    ^;.    -,.:,-.     ,.^^   . .^—__ 

^S5«* 
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Since m may be  reolpcod by 5,404/r        from Eq.   (8b) 
Boo > 

the ratio r   Jv    Ms.'S be deteiT:ined r. s a- function of .a.. 

This function haß been de to mined by .?  ^ra-Dhlcal method, 

.".nd ia civen in Fie.   4. 

c.  Intermediate Quenoliing 

T-ie variation of  the ratio x-~r_/r    with severity 
s     o 

of quench rr.ay best be   ßtudied throuGii the ratio 

(x-x^ )/(>:-::«j ).     At  le^yt in the caoe  of a  thin hollow 

cylinder,  a  -: 1,   the  deriendenoc of this  ratio upon 

h {v '•v. )  will be given by the graph in Fig.   5 which was 

derived nriginally fro.p. a eonppri.qori of rounds with 

plates in Section Do.     A nu'aerlcr.l calculation for r./r 
s    o 

was carried out  for the capey a-.-0.1 end a~0.5.    The 

results  ohowod that Fig.   5 was ap-nli.oable  to values of a 

at least as low as 0.1.     The intermediate lines In Fig.  4 

have  been based upon Fid,     5. 

4,       Hollow Gyli.nder?   Only Outside  Quenched 

In  the  case  of a  hollo'.'.1 cylinder quenched  only on 

the outside,   we .must a^ain use the general  solution 

give); in EG.   (11).     The  constants C0  and  C-,   are to be 

so chosen that the boundary condition  (6)   is  satisfied 

with h set equal  to zero at the inner boundary.     The two 

conditions corresponding to the two boundaries  lead to 

two linear homogeneous  equations In C0 and Ci.     Those 

equations are  soluble  only when the determinant of the 

coefficients is  zero.     Upon equating this determinant to 

i ^ 
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distribution tJiroufhout one-half of a plate  quenched 

on both  sldeo,   v/hoße   thickness is double  the  real 

thickness of the hollow cylinder.     The transition 

from h-->0  to h~->polB therefore  obtained  from Fig.  5 

provided the absei asa in now 2H • (D0-D.)   in place of 

• ^ 
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